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We consider the notion of a spherically invariant measure on a real and 
separable Hilbert space and study some equivalence properties of measures 
of this type. The latter are of interest in statistical communication theory. 
In a recent paper [I], consistent families of spherically invariant distributions 
on Euclidean spaces were reviewed and investigated further. The properties of 
interest in statistical communication theory were especially stressed. No mention 
however was made of the existence of probability measures having these distri- 
butions as marginals. The object of this note is to point out that such measures 
exist on real and separable Hilbert spaces and that they have a simple representa- 
tion in terms of Gaussian measures. This representation is then applied to 
derive a result on the equivalence of such measures, result which is obtained by 
simply combining the dichotomy theorem for Gaussian measures due to 
Feldman [2] and a determination of the characteristic function of a spherically 
invariant process obtained by Vershik [3]. 
The brief derivation presented here was suggested by a referee through 
Professor M. M. Rao whose help I wish to acknowledge. 
The letters H, 0? and SY represent respectively a real and separable Hilbert 
space, the algebra of its cylinder sets and the u-algebra of its Bore1 sets. The 
scalar product of H will be denoted by (., .) and its associated norm by I/ . I/. 
On H we consider random variables of the form X[h](x) = (x, h) and when the 
variance Ir(X[h]) exists, we write V(X[h]) = a(h). We say that a cylinder set 
measure p on H is spherically invariant if and only if, whenever the equality 
a(p) = o(K) holds, X[h] and X[k] have the same distribution. 
THEOREM. Let p be a spherically invariant cylinder set measure on r2. If a(h) 
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is continuous as a function of h and if yt is the Gaussian cylinder set measure on Q? 
with characteristic function e- (tz/2)o(h), then p(A) = s: y,(A) dF(t), where F is a 
probability measure on [w, = [0, co). Conversely, a cylinder set measure TV of the 
above form is a spherically invariant cylinder set measure. n 
Proof. Vershik [3] has shown that the characteristic function of TV is of the 
form Jr e- (t2/2)o(h) dF(t), for some probability measure F on R, . But, for each 
fixed cylinder set A in a, yt(A) is a measurable function oft and thus the cylinder 
set measure v(A) = sz y,(A) dF(t) IS well defined. Now the uniqueness of the 
characteristic function shows that f~ = v. The converse is obvious. n 
We say that a cylinder set measure p on Q? has bounded one-dimensional 
variance whenever o(h) < LY /I h 112, f or all h. Bounded linear operators on H 
that are positive and self-adjoint are called weak covariance operators. A weak 
covariance operator that is trace-class is called a covariance operator. The 
following consequences of the theorem are of interest. 
COROLLARY 1. Let t.~ # 6, . Then there is a one-to-one correspondence between 
zero-mean, spherically invariant cylinder set measures p with bounded one- 
dimensional variance and couples (F, R), where F is a probability measure on [w with 
support in Iw, and second moment, and R is a one-to-one weak covariance oper- 
ator. n 
COROLLARY 2. A zero-mean, spherically invariant cylinder set measure p on 
H with bounded one-dimensional variance extends to a probability measure on H 
tf and only if the weak covariance operator associated to it by Corollary 1 is trace- 
class, i.e., a covariance operator. n 
This result implies the following one on using the representation of Gaussian 
measures. 
COROLLARY 3. Suppose that TV has characteristic function 
q(h) = Jbm exp I-- G (Rh, h)/ dF(t), 
R trace-class. Then, VA ~9, ~.L(A) = $z yt(A) dF(t), where yt is the zero-mean, 
Gaussian measure on H with covariance operator R, = t2R. n 
COROLLARY 4. Let R and S be covariance operators, F and G be probability 
distributions on Iw, with second moment and respective supports or and uo . Denote 
by ,uR the zero-mean Gaussian measure determined by R, vs the one determined by S. 
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Let p and v be the spherically invariant measures determined by (F, R) and (G, S) 
respectively, and u = oF n oc . Suppose now that us = pR . Then 
(a) if G = F, v = p 
(b) if o=m,vlt~ 
(c) if 0 < G(U) A F(U) < 1, neither of v = TV, v 1 TV holds. q 
This follows from theorem and the work of Feldman [2]. 
It would be of interest to find a simple expression of the Radon-Nikodym 
derivative of v with respect to p in terms of the derivatives corresponding 
respectively to vS and pR , G and F. 
Of particular interest in the detection problem would be the case when F is 
concentrated at 1 and v < p. Corollary 4 shows that G has to be concentrated 
at 1 also and thus that these measures are of little use in this respect. 
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